
UNIVERSITY O F  CALIFORNIA PRESS 
BERKELEY AND LOS ANGELES 

1951 
- 



r. AN OPTI~MTSTIC MODEL OF THE CORRELATION BE" 

1. Introduction. Since the pioneer work of Greenwood and Yule [I]' and of Miss 
Nembold [ 2 1, the following assumptions regarding accident pronenenn am customar- 
ily made : 

(I) To each individual exposed to a certain system of risks and to each kind of 
accident there corresponds a Poisson frequency function, 

_ _  .-- 

- A  (1) px(klX) e k! 

of the number X ofaccidents of this particular kind incurred by this individual per 
unit time. 

b) The value of the parameter X varies from one individual of the population to 
another and characterizes his specific accident proneness. 

c) More speciiically, it is frequently assumed that for an individual randomly 
selected from a given population exposed to a 6xed system of risks, the parameter X 
is a particular value of a random variable d with probability density function 

1 

where the constants a > 0 and B > 0 depend on the population considered and 
on the kind of accidents. 
d) It is customary to assume that, although with the passing of time the value 

of X corresponding to a given individual may change, this change is slight only and 
an individual who is particularly prone to accidents in his youth remains a bad risk 
more or less indefinitely. 

The evidence in favor of (a), (b) and (4 frequently appears quite convincing. 
Therefore, in selecting personnel for certain hazardous occupations, attempts are 
made (Farmer and Chambers [3]) to eliminate individuals who are particulsrly 
accident prone by employing only those who in the paat had no accidents of the 
particular kind under consideration or only a few such accidents. Also (Ove Lund- 
berg [4]) attempts are made to use records of accidents sustained and of cases of 
illness to adjust the premiums in accident and health insurance to actual risks 
attached to particular individuals. In each instance, attention is directed to acci- 
dents or cases of sicknesa occurring in two Merent period3 of time (past and future 
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e-xperience) but belonging to the same category. The problem studied is essentially 
whether or not the number of accidents of a spec%ed kind observed in the past has 
a predictive value for the number of accidents of the same kind to be observed icr 
the future. 

This question is very relevant in many cases. However, for certaiu purposes it is 
not completely relevant aml must be modified. Such, for example, is the case Then 
it is desired to select appropriate personnel for highly hazardous occupations (for 
exampIe, airplane pilots) where the first accident observed is frequently also the last. 
For this very reason, in selecting the personnel it is impracticable to judge the indi- 
viduals on their past experience with respect to the particular severe accidents and 
the most one can do is to see whether or not the frequency of mild accidents incurred 
in the past is relevant from the point oi view of severe accidents to which the indi- 
vidual may be exposed in the future. 

Pursuing this direction of thought we shall study not one but two (or more; 
further generalization is hneciiate) random variables, say X and Y, repreaenting 
the numbers of accidents incurred by the same individual, either within the same 
period of time or in two different periods. The variable Y wi l l  mean the number of 
“predictor” accidents, which we may hope to be able to observe prior to the decision 
of whether or not the given individual is suitable for the particular employment. 
On the other hand, the random variable X wil l  be interpreted as the number of severe 
accidents to be observed in the future. 
As in the theory of Greenwood, Yule, and Newbold, we shall postuiate that, for 

each individual, the variables X and Y are independent and follow two distinct 
Poisson distributions with paxameters X and p which characterize the proneness of 
this individual to the two kinds of accidents. Furthermore, we shall postulate that 
the vdues of X and p vary from one individual to another. 

In order that the value of Y can serve aa a predictor regarding the value of X it is 
necessary that X and p be correlated in the population considered and the closer the 
correlation, the greater the value of Y aa a predictor. Whether or not the constants 
X and p ,  corresponding to two Werent kinds of accidents, are closely correlated is a 
question of fact and can be answered only by using appropriate empirical data. 

The main purpose of the present paper is to study the distribution of 9 and Yon 
the following somewhat far-reaching hypothesis. This hypothesis will be frequently 
referred to in this paper so it will be conveniently Iabeled thefvndamental hypothesis. 
It involves two asmunptions: 

z] the expectation p of the number of predictor accidents is a fixed multiple of the 
expectation 1 of the number of severe accidents, p = &, where a is a constant; 

iz9 in the population studied the distribution of A follows the Pearson type I11 
law assumed by Greenwood, Yule and Newbold, as described in (c) above. 

It will be seen that assumption (31 is very strong and, a prim+, one is inclined to 
doubt whether it could ever be exactly satisfied. Surprisingly enough, the theoretid 
joint distribution deduced from the fundamental hypothesis was found to give a 
satisfactory fit to several empirical distributions. It follows, then, that the measures 
of success of the selection for small  values of X using Y aa predictor, deduced in this 
paper, may not be far off in relation to real practical problems. Needless to say, 
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-I .( 21 applications of these formulae must be preceded by an empirical test of the 
ui :itv of the model studied with respect to the particular accidents which may 
ozt! under consideration. 

co sump ti on (iz? is also very btnmg. However, any other asmrmption specifying 
ne ristnbution of A would be e q d y  strong but, if one wants to obtain numerically 

I ’-’rlvJuency function of X and Y,  it is unavoidable to aauribe a definite form to 
t i p  iistribution of A. The adoption of the Pearson type III law is justified both by 
‘5 Eexbdity as an interpolation formula and by the tradition establiahed by Green- 
mot:, Yule, and Newbold. However, in the course of the study it appeared that 
-ome properties of the multivariate distribution of the numbers of accidents satis- 
*-y-ag assumption (i) are independent of the actual form of the distriiution of A. 
hso. they have an immediate bearing on the problem of selection of personnei and 
tor These two reasons are particularly interesting. 
Part LI of the paper deals with the possibility of a deeper insight into the nature 

of ;he mechanism behind the o k e d  frequency distribution of the number of 
xcidents from one individual to another. 

The speciiic problem considered ia that of the distinction between the Greenwood- 
Yule-Xewbold model described here and the model of P6lya (slightly generalized), 
ssuming that the probabilities of accidents in a specified time interval not only vary 
with the duration of this time interval; but depend upon the number of accidents 
previously sustained (“contagion”) and on the length d exposure to accidents 
d u c h  is interpreted as a mea”  of the experience gained in the ptuticular kind 
oi work. 

The de- of the plan of Part I of the paper are aa follows. 
In section 2, the problem of the joint distribution of severe and light accidents is 

considered in a form which is a little more g e n d  than that envisaged above. 
-hsuming the fundamental hypothesis, we colpBider not two different kinds of acci- 
dents but an arbitrary number s 2 2, of which the first is treatad w ‘‘mvem acci- 
dents” and the remaining a - 1 aa Merent kin& of light predictor accidents. 

Let XI, Xz, - - - , X, be the numbers of accidents of each kind. It ia found that 
these random variables follow a joint distribution which the authors do not re- 
member having seen before and which they propose to term the multivariate nega- 
tive binomial distribution. This djstriiution poacsaea s e v d  remarkable proper- 
ties, similar to those of the multivariate n o d  distribution. The more important 
of these properties refer to any group of m < a variables out of the a considered. 

z j Whatever the group of m variables, for example, XI? X:, - a ,  X-, the marginsi 
joint distribution of this group is an m-variate negative b i n o d .  

zi) The joint distribution of XI, X:, - - -, X, and of the sum, say x =I Xn+l 
- Xmr2 f - - - + X, is an (m + 1)-variate negative binomial distribution. 

t z z )  The conditional joint distribution of Xl, XZ, - e ,  X,, given that the other 
s - m variables have assumed specified values, ia an m-variate negative binomial 
distribution and depends only on the value z of the m m  x. 

iv) TheregressionofXIonX~I,X~, - .,X,ishear,form = 42 ,  - -,s- 1. 
Because of property (iia?, the general case of s - 1 3 1 kinds of light accidents 

reduces to the simplest case involving only two categories of accidents, severe acci- 
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(:r.Lts and light accidents, with the latter category embracing all the s - 1 differeat 
c-.hyxm of light accidents originally considered. 

Src:ion 3 contain8 formulae Iesding to the estimates of the parameters in the bi- 
I- 2 n3 te negative binomial distribution. 

Section 4 is given to an empirical test of the fundamental hypothesis. ki men- 
T a e c  above, the basic idea is that, for particular individuals in a population, the 
el~ected number of light accidents in an earlier period is a fixed multiple of the 
evoected number of severe accidents in a subsequent period. Unfortunately, no 
mpincal data were available with which the authors could test directly whether or 
not i t  ‘s safe to assume this. The best that could be done was to study certain anal- 
agous situations for which the data could be obtained. On the whole, the results 
oi ths  emphical study are pmmisiq. 

The fundamental hypothesis is tegted on two seb of data, one of which is new. 
Because of the scarcity of published empirical material of this particular kind, the 
new data are reproduced in this paper in several tables which may be useful for 
fcrther work. 

Section 5 is given to the following practical question: assumiag the admittedly 
far-reaching fundamental hypothesis regarding the cloee connection between light 
and severe accidents, what are the pmspects of succe88 in the selection of personnel 
usmg the records of light accidents? It is shown that, in certain casea at least, the 
eiTect of selection must be substantial. 

Section 6 outlines methods to be used if and when data on light and on severe 
accidents are available. The atudy of severe accidents Mtm from that of light 
accidents by the fact that severe accidents are frequently not survived by the 
victms. Consequently, even if the model treated in this pqer is strictly applicable 
to light and severe accidents, because of the distortions caused by fatal accidents, 
the jomt distribution of the numbem of light and sem accidents win not be the 
bivariate negative binomial. ThereforeJ any empirical study dating to light and 
severe accidents will require an appropriate distribution. Such a distribution, based 
on the assumption that the probability of surviving an accident is constant, is given 
in section 6. 

Throughout the paper the notation adopted is that of J. Neyman’s recent book 
171. 

2. Multivariate distriiution of the numbers of accidents. The subject of this 
section is the joint distribution of an arbitrary number s of random variables XI, 
X2,  . . ., X,, whm Xi represents the number of accidents of the ith kind, incurred 
by an individual randomly dram from a population. 

The method used is that of probability generating functions, introduced by La- 
place. A modern presentation of the theory is given by Feller (61. The probability 
generating function is defined for sets of random variables all capable of assuming 
only nonnegative integer values. It will be denoted by G with subscripts indicating 
the random variables to which it refers. The arguments of G will always be assumed 
not to exceed unity in absolute value 90 aa to insure the convergence of the series 
representing G. When dealing with conditional diatributiona, the hypotheses on 
which these distributions are based will be symbolized to the right of the vertical 
bar that follows the arguments of the probability generatiug function. Thus the 
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where qqt )  is :;le Laplace transform of the distribution P(A), 
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It wiii be seen that for t < 0 the function 4(t) is indefinitely differentiable. 
The Laplace transform of the distribution defined by (2) is, say 

Thus. on the assumption that (2) represents the probability density of A, the joint 
probability generating function of 1 1 ,  xt, - - -, 1 8  is, say I, 

where, for the sake of simpScity in formalae, bc = ai/& i = 1, 2, - - a,  s. 
< 

Owing to the particulsr form of the probability generating function (8), the cor- 
responding distribution of X,, XZ, - -, X. will be called the a-variate negative bi- i 
nomial distribution. Easy erpcmsion of (8) in powera oful, ur, - - -, u, g i ~ m  $ 

wheren = n1 f nz + - - . + n,and 

The distributions defined by (5) and (8) pornrsss the following remarkable p m e a .  
s and let m be any 

positive integer less than s. 
Let rIJ rZJ - -, r. be any permutation of n u "  1, 2, - 

The probability generating function of the rmvginsl distribution of X,,, X,,, - - e l  

Xr- is obtained from (8) by substituting u , ~ ,  = u,..,, = - - = w, = 1. It is easily 
seen that the result of this substitution is a function of the same type with the sum 
of m t e m  

replacing in the square brackets the sum of 8 similar terma and the theorem is proved. 

(17) 

but?wtonthc 
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THEOREM 2. Whatever the distribution F(X) of l. given that the sum, say 

with 
ai 

(14) d ,  = -, i =  1 , 2 ,  . . , S .  

C aj 
3 

:-I 

Starting with the definition, the generating function 

and, therefore, because of (5) 

In order to obtain the probability generating function (13) it is sufficient to ex- 
pand (16) in powers of v ,  to select the co&cient of v* and to divide this coefEcient 
by its vdue corresponding to u~ = M = - . = u,-~ = 1. It is easy to see that the 
result of this operation coincides with (13). 

THEOF~E~~ 3. Whatever be the distn'bution function F(X) of A, given that X, = n,,, 
i = m + 1, m + 2, - - -, s, the w n d i t i d  distribution of X,,, fot j = 1, 2, - - -, m, 
depends only on the sum 

but not on the numbers q; t a k a  separately. 



Thus, whatever Le the reiative frequency oi she predictor accidents as measured by 
the constants an-l, an-:, . . e, a,, z a r k r  :o predict the value of XL no weighmg of 
the numbers of these accidents is Jecessarq-, ma -Ais irrespective of the actual form 
of the distribution of 1. 

., s. By 
examining the dehition of the probabilicy generating function it is easy to see that 
the conditional probability generating function of X1, X 2 ,  . . ., X,,, given that the 
other variables Xm-l, Xm+t, - - -, -Y8 have assumed some specified values -1, -2, 

. ., n., respectively, is obtained from ( 5 )  as 9 resuit of the two following operations. 
a) Eqand (5) in powers of %+I, u,,,-~, . . * ,  u, and obtain the codcient C of the 

Obviously, it wdl be suEcient to prove theorem 3 for r ;  = i, Z = 1, 2, - 

product 

-7 L 

Obviously, C is a function of ILL, "1, . 

u, = 1. 

., G. 
b) Divide C by the vaiue of this coeriicient corresponding to ul = % = - 
Performing these operations on (51, we obtain 

. = 

where 4(d(t) denotes the nth derivative of 4 with respect to t and where 
m , m 

I t  is seen that the right-hand side depends on the sum n of the values assumed by 
the variables Xm+,, Xm+?, . . ., X8 but not on these values taken separately, which 
proves theorem 3. 
THEOREM 4. If the var iubh XI, X2, . . e ,  X, follow the multivarid mq&e bi- 

nomialdistn'butian(8)then,gioSnX,, = n , , j o r i = m + l l m + 2 , -  * - ,a , thecondi -  
ti& disbibution of X,,, X,,, - -, Xym is also a negative b i m i a l  dish- dspend- 
ing on the sum n defined by (17). 

. 



(35) ai ei = . 
which proves the theorem. 

7- ---7 
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evaluated at the values of arguments equal to unuy :-"i part:c:li~ 
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of the random variables and the derivatives of their probabilitv -~.esa-&g : ~ >:loll 

and it follows 

(31) 

Also, 

which coincides with the second part of (28). In order to obtain the first part of this 
formufa, we notice that 

a,g: I - - =  EGf-1) 
U2 ap; + P, (35) 

and a nimilar dation for Y. 
Theorem 4 implies important conclusions regarding the possibility of predicting 

the value XI by using the values assumed by X2, X,, - - , X,. 
C o a o ~ ~ a a ~  1. If P is taken as a conventional m e m r e  of precision in predicting Me 

value of Xlf" the obantcd values of X,,,+I, Xm+t, - - X,, then, w h h e r  be P(X), it 
advcmtagcous to use as muny predictots as possible, that is, it i s  advantcrgcaus to 

takem = 1. 

xi 

This conclusion is the immedia,te result of the fact that p is an increasing function 
of A as de6ned in (27). 

Coao~~aar  2. Whoteoer the dialribzctian function F(X), and w h h e r  the number of 
- *, X., the correlation p must be smaller than the ptedidm m d a b h  

u w -  
X w ,  

p <  [ I - -  

only on the ezpectation and on the variance of the predided variable XI .  

Formula (3( 
conclusion is 3 
to predict t& - 
If the rig&&- 
,eredction, at 1: 

T m o ~ m  6. 
?leg&# bi"i 
(18) i s  Z&w, 

but inc- EI 
two iil-. 
n o w  &i *E 

3 . l & , t h t h  
section Z it was 
problem may be 

(39) 

~ i t . h A = q + i  
as the coefficient . 
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Formula (36) is an immediate consequence of the first part of (28). The pmticd 

conclusion is that, before attempting to use the numbers of any accidents in order 
to predict the value of XI, one should estimate the expectation of Xl and its variance. 
If the right-hand side of (36) is close to zero then the prospects of attaining a good 
prediction, at least by means d a linear ree;ressian equatim, are dim. 

negatiue birumriat cEiskibzchon * , then the regression of XI OR the sum Y m~ciefi-iiiti by 
(18), i s  limar, crnd “ e l y  

(37) 

THEOREX 6. If tJIs TC” V- XI, Xt, * * *, X, j M g  fw a 

al(a + 4 E(X1[  Y = n) = 

B+k aj  
-1 

Under the hypotheses of the theorem, the conditional probability generating 
~ ~ o n ~ X l , ~ v e n Y = n , i a o ~ ~ ~ ~ m ( ~ ) b y ~ ~ ~ ~ ~ = .  . . = 
1+1= landwehave 

(3) 

The regression function of XI on Y is obtained by d8erentiathg (38) and by setting 
u1 = 1. The result is (37). 

Theorems 1,4, and 6 descrii interesting properties of the multivariate negative 
binomial distribution whereby it is somewhat ?timilnr to the multivariate n o d .  
Naturally, however, the analogy ia far from complete. Thus, for exsmple, the condi- 
tional variance of Xt given Y, or given any single variable Xl, i f 1, ia not constant 
but increases k 1 y  with the value of the h e d  variable. Furthermore, the sum of 
two independent negative binomial variables may but need not be a negative bi- 
nomial, etc. 

3. Estimation of paramtom in the birarists negative binomid disWu#ian, In 
section 2 it waa shown that, when the model considered applies, the sdh&onal 
problem may be reduced to a twodjmdonal problem. In particular, if formule (2) 
adequately represents the probability density function of A, then, in order to treat 
the problem of predicting the number, ary X = 2, ‘of severe accidents using any - 
number of categories of light accidents, it is sufficient to study a bivariate negative 
binomial distribution of X and Y, where Y stands for the total number of light 
accidents embracing all the s - 1 merent categoria origimdy conaidered. Re- 
membering the convention al = 1, the joint probability genmting function of X 
and Y may be written aa 

Gr, (ut I Y = n) = [l + el(l - UI)]-(~+*) . 

(39) 

with A = a, + q + - a - + u,. By expanding (39) in powers of u and u, we obtain 
as the coefficient of USI - 
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We shall suppose that n independent observations on the pmr (1, mil 5e made. 
The letter nk.,,. will then denote the random variable represenma the nun oer of pairs 
[ (X = k), (Y = m) 1. The joint frequency function of dl the 
product, say 

(41) J = C fi fi P " ~ . ~ ( I ~ ,  m) , 
k-0 m-0 =.y 

where C stands for a factor depending on the nk.,,, but not on the parameters Q, 3, and 
A,  and where 

(a 2 T h k , ,  = n .  
k - 0  n r o  

Our problem is to deduce formulae for the maximum likelihood eStim3tes. say 3,, 
5" and d, of these three parameters. Recent results [8] imply that these esc -h tes  
poese~~ the following properties: (21 the estimates are functions of the relative fre- 
quencies nk.,,./n but do not depend otherwise on to; (iz3 the estimates possess continu- 
ous partial derivatives with respect to each relative frequency; (iir') as pe-4-m the 
estimates are consistent and asymptoticdly normal about the true d u e s  of &e par- 
ticular parameters; (iV) the asymptotic variances of the estimates &,, $,,, and A,, de- 
creme as n-' and do not exceed the asymptotic variances of any other estimates 
p-hg the properties (9, (i~l and (ii~?.' 

Substituting (40) into (41), taking logarithms and dividing by n, we obtain 

1 
(43) log J = Ct + Q log B - (a + .f + y> log @ + A + 1) + P log A 

w 

where Cl represents a term independent of the parameters and where 

z = i  2 k 2 n r , , , , ,  
k - 0  n r o  

a, I "  F = -  Cin E n & . * ,  
-0 k-0 

(4) 

q r  = I 2 n k . ( , - k )  . 
k - 0  

* Until recently it believed that the asymptotic variances of the m a . .  Iikelihood'eati- 
mrta cannot excesd~thom of any other consistent and p p t i d y  normal estimates. A con- 
ja-to this sect y u ~ u l l p  ar~nbad to R. A. F u t m , T  w o mce 1921 [lo], hu repeatedly pro- 
dauneti the rboos statement M a property of maximum likelihood estimates. In this connection, 
nee &o-F. Y. who enunciated in his paper [9] of 1908 essentially the same conjecture 
(with a vague the proofs of both Edgeworth 
md Fbbar ob- p"o  tby co ecture waa ge&taken for granted and quoted 
in m y  artidea d b o o k k  h n &  J. L. %dges, Jr. [Ill harr produced exampbs of eonsmtent 

havm&+e prope+iw (27 and (is?, whose asymptotic 
"SIJ nevw a d  thorn of the -um khood estimstes and, for mum d u e s  of the 
par;rmster, -. 

n on the plrture.of thq entimate). Altho 

rsJarptotially normal Sstimrtsq 

with re: 

i 

(45) 

(49) 
and the: 

should g? 

(53) 
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Obviously, q. r e p h b  the relative frequency of pairs (X, Y) which have their sum 
X + Y = r. The maximum likelihood equations are obtained by Meredating (43) 
with respect to a, 0 and A and by equating the derivatives to zero. Wk have: 

t 

(45) 

(47) 

-0, a a + x + u  
j j + i + l  
- -  

Equations (46) and (47) imply 
(48) S = S ,  

(49) b Z i ,  

t 
and then equation (45) gives 

The problem of computing the &urn likelihood estimates G,b and A  ̂ is thus 
reduced to the following’operationa. Fiwt we calculate the means x and 7 of the 
observed d u e a  of X and Y, respectively, and the relntive frequencies q, BS indicated 
in formulae (44). Upon substituting them into (50) the trial and error method gives 
the value of G. Next 

In tryiug to obtain 8 it is well to notice that the two aides of equation (50) tend to 
the same limit aero as a is indehitely increased. The first trial value, say a, may 
be conveniently obtained as follows. We notice that the result of substituting 8, 
Band-4 in 

(52) 

should give a resuit comparable to QO. Using equations (48) and (49) we have 

Px.r(O,O) = (8+: + J‘ 

8 i r (53) 
j + i + 1  G + x ‘ + Y  
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Thus, the first trial value of 2 can be taken to sa* the equation 
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which is equivalent to 

(55) log Qo log (1 + 2) = - - 2  

x ' + F  
with z = (x + m/ao. In order to obtain m we make a graph of the logarithmic 
funcfion 

(W Y = log (1 + 2) * 

Next we plot the straight line 

(57) 

The two hes have two pointa in common, one at 21 =I 0 and the other at tr = 

y = - - z .  1% qo 

x+ y' 

4. Empirid tost of the fnadamentalhypothesis. As mentioned before, the validity 
of the fundamental hypothesis considered in this paper and, in particular, of the 
joint bivariate negative bincdd distribution (a), should be tested with respect 
to the particular type3 of accidents that may come under study. Thus, for example, 
if it is attempted to apply the conclusions of this paper to the selection of airplane 
pilots through the me of an individual's record of minor accidents during the yeam 
before the trainipe in order to obtain i n d i v i d d  with low prcmenesa for aviation 
accidents, then the validity of the fundamental hypothesis should be tested on obser- 
vations regarding the numbers X and Y of each kind of accident actually dered  
by a number of individuals. Owing to the lack of data, no such test is passihle at 
present. However, because of the far-reaching character of the f u " a t a l  hypoth- 
esis, it is of interest to inquire whether or not there are any accidents at d with 
respect to which this hypothesis is at le& approximately true. 

To investigate this point, formula (40) waa tried in connection with the following 
two seta of data. The first set was obtained through the courtesy of Dr. Romiith 
Sitgreavea and Dr. W. M. Gafafer, to whom the authora are deeply indebted. Special 
thanJta are due to Dr. J. G. Townsend, Chief, Division of Industrial Hygiene, 
Public H d t h  Service, Federal Security Agency, who released the data collected by 
the Division of Industrid Hygiene. 

The data am concerned with two diEerent categories of employees of an industrial 
establishment: Group 1 = office workers, and Group 2 = indwtrial workers. For 
each of these two groups the data list the numbers of wms of incapacity d e r e d  
during a period of time due to the following causes: 

- Table 1 -give 
_I of the estimat. 
mtber0f"indi 

the applicatioi 
corner of parti 
expecied f E q K  
(3 the expectet 
ing cells. If the 
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Each case of incapacity from any of the four causes was treated as au sccident of a 

The other set of data on which the test of the fundamental hypothesis was made 
is taken from the publication of Fsnmer and Chambers [ 31. This is concerned with 
accidenta incurred by 166 London bue drivers during five successive yeam of service. 
On these data, two tasts of the model were made, once taking the esperience of the 
iirst four yesrs of service of each" aa one variable and the experience of the @th 
as the other and then treating the number of accidents in the firat year of service 
tu one of the two variables and the number of accidenb in the subsequent four yeam 
as the other. 

TABLE 1 
TEBT or= V ~ , " O ~ T B E  F m m  Hrpamasn, ON Two SETS or DATA 

speCisl~@PrY. 

Dab 01: 

....... 
Employeas of 90 industrial 

....... 
concern 

Cauaelva2,Gr.l 1.452 
C a u a e 1 ~ ~ 2 ~ G r . 2  1.471 
Crusclvs3,Or.l 1.657 
Cauae1va3,Gr.2 ....... 1.888 
Cawe2va3,Gr.1 ....... 0.922 
Cause2va3,Gr.2 ....... 0.848 
Cawe3vs4.Gr.1 ....... 1.309 
Caure3va4,Gr.2 ....... 1.385 

....... 

London bun drive= 
Fifth year va four b t  

Fimt year va h a t  four 
years ................. 3.490 

year8 ................. 5.596 

- 
4 

I__ 

1.407 
1.050 
4.750 
4.734 
2.602 
2.377 

28.046 
3.888 

2.021 

3.086 - 

I- 

4.729 407 
3.798 1272 

13.986 407 
15.075 1272 
2.979 407. 
3.978 1272 
8.421 407 
0.740 1212 

4.125 168 

3.419 166 

- 
9- 
huh= - 

37 
96 
39 
50 
18 
30 
3 

11 

38 

32 
7 

.10 
Practically zero 

.090 

.ooo53 

.0017 
Pnrctically zero 

.59 
Practically Zero 

.21 

Table 1 gives the d t s  of all these testa. The first three c o l w ~ s  give the values 
of the estimated p m "  of the distribution (a), the fourth coIumn gives the 
number of individuals to whom the particvlar observationa refer, the fifth the nun- 
ber of degree of freedom in applying the x* test and the sixth the value of the prob- 
abiity P (x*) of obtaiping a value of xt exceeding that obsewed. 

Tables 2 to 11 gin the bivariate distributiona and the details of comparlsona 
between the theory and the observationa s"med in table 1. Thin lines indicate 
the boundaria of the particular oells. Heavy lines indicate the grouping adopted in 
the appiication of the x* test. Observed frequencies are w&en in the upper ieft 
corner of particular cella. The two other figurea, each with one decimal digit, are the 
expected frequency (on the I&) and the contribution to xa of me particular c d  
(ii the expected frequency for that cell is 3 or more) or for a group of several adjoin- 
&cells. If theexpectedfrequencies of several cella are found to be less than 3, then 
they are grouped and the expected frequency is given for the entire group of cells 
only. 
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TABLE 6 
COWNUSON OP ~ B V E D  AND TBEO~F~C~U. Drsnmamom of INWACEIES 

C a w  2 vu. Came 3, Group 1 (Div. Ind. Hyg.. U.S. Pub. H d t h  Serv.) 
co: 

C 

I I 'I I " ' 





C o b t ~ * ~  OF OSSBI~VED AND T ~ o m  D"mmorm OF INCAPACITIES 
Cause 8 va. Cause 4, Group 1 (Dip. Ind. Hyg., U.S. Pub. Health Serv.) 

I 
I ++I 

I I, 

AI 0.8 ++-+ 
+ +  76.9 

+- I I 
I 
I 

0 I 2 3 
Cause 4 

of accidenta does qot coincide with the negative binomial in any of the cases studied. 
e between the actual distribution and the negative binomial 
to detect it one needs a substaafial number of obeervatim. 

of tables where the fit kr poor suggests that this 
two distinctly a e r e n t  subgroup of individda, 

ce in weighta, the bivariate negative bi- 
tual distribution in the larger subgroup. However, the 

two differsnt d e r i e s  behind the distri- 

presence of the diyergent d e r  subgroup spoils the fit. __ 
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that in three out ofthe ten c88e~ sfudied the fit p m 6 d d  by the 
bivariate negative binomial is e..dent. In two a d d i t i d  cases, iit, %no( verg 
good but still paasable. In the remaining five cases @e fit is e. 

Thedata- * in table 1 W t - W  f&%-gr&& of workers and the three 
samples contain 166,407, and 1272 individuals, rapectivdy. Cases of good and of 
bad fit are wi*venly distributed and, in fact, in all cases dating tr, the Eargnt 
number the fit is Lsd. This suggests that, probably, the true distribution of n n m h  

It will 
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TABLE 11 
Commsow OF OBSEBVED AND TEEOBET~CLL DISTRXBIJTIONS OF Am"m 

Fifth year vs. Fit  Four Years (Fanner and Chambers) 

t .- 

CL 
0 

2 

No. of accideds in Fifth year 
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Fig. 1. Regression of X on Y and of Y on X. 
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Fig. 2. Regression of X on Y and of Yon X. Where X = n u n b r  of M of digeatin 
disease, and Y = number of cIIl&5 of respiratory dkW#. 
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Fig. 3. Regression of X on Y and of YonX. Where X - number of caseaof nonindustrid 
injury, and Y = number of case3 of respiratory disease. 
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Fig. 4. Regredon of X on Y and of Y 011 X. where X = number of caaa of nonindustria 
accident, and Y = number of M of digestive diaeaee. 
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5. M e a "  of Stlceess in selection of personneL In this section we study the 

following question. Suppose that the fundamental hypothesis applies to certain 
types of light and of severe accidents. Suppose further that the number 'J of light 
accidents incurred in the past is adopted as a criterion for selecting personnel in 
order to dimini.sh the number X of severe accidents to be incurred in the future. 
Specifically, we shall assume that the individuals selected for the particular hazard- 
ous employment will be all those for whom the number of light accidents Y < k 

GROUP 2 

I .  

. ~ .  . 

0 S O O  5 
0 

X Y 

GROUP I 

X Y 
Fig. 5. Regredon of X on Y rod of Y onX. Where X = numbar of clues of industrid 

injmy,~Y=numberofcmsofnonind~injury. 

and a certain proportion Q of those for whom Y = k, where k and Q are so adjusted 
that the total number of mdividda selected for employment represent a predeter- 
mined proportion P of available caudidaba. 

Inthesecircumgtan ces, the intemting question is: what is the probability that 
in the following period of observation an individual selected for employment will 
have no severe accidents at 8111 This probability, say 

compared with the probabfity P{X = 0) in the unaeIected population, appears to 
be a suitable m e a "  of the mcce~s of the selection against severe accidents. 

I 1 1 '  I '  I '  1 1 "  ' I 
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In order to obtain P(X = 0) we use the probabllity generating function (39) of 
X and Y and substitute in it u = 0 and v = 1. The result is 

(59) 

This, then, is the probability of no severe accidents during the forthcoming period 
of observation for the nonselected population. 

In order to  compute (S), we first determine IC and Q to satisfy the conditio- 
imposed. The probability generating function of Y is obtained from (39) by substi- 
tuting u = 1. E-upanding the result in powers of v we get 

(60) 

The number k is determined by the condition 

(61) 

Then 

(62) 

P ( X  = 0) = (&)a. 

k- 1 k c P p ( 4  5 p < c p,(ml - 
-0 IR-0 

k- 1 

Q = P - C p, (m>.  

Once k and Q are found, then (58) is computed by a simpIe application of the 

u o  

form& of Bayes with the use of (40). 

I 
(63) 

a *-* r(a+m) (B A >”+ Q ( g B f ~  )‘+‘I 
- l [ ( B  - F  + ~ + i  ) ,m!r(a) c- + ~ + i  + A + l  

Suppose that for a given population of candidates for employment and for a given 
pair of kinds of accidents the values of a, B and A have been determined. Suppose 
further that the proportion P of candidates to be selected for employment is also 
determined. In order to estimate the prospective success of selection of candidates 
we h f i  compute the standad of comparison (59) and then determine k and Q to 
satiafy (61) and (02). Then these d u e 3  are substituted into (63). 

Naturally, the &e& of selection of candidates depends on all four parameters 
mvdved, on a and &characteriaing the distribution of A in the population of candi- 
data for employment, on the number A and on the proportion P of those to be 

- selected. In the unselected population the expectation of A and its variance are 

a * = E = -  E@) (&4) = p  =a 8% B 

f 
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clusion suggested by this result is that, in order that the selection of persome1 on 
the basia of light accidents incurred in the past be successful. it is desirable that the 
average number of light accidents during the period of observation be large. This 
may be achieved eithet by taking a long period of observation (which may be im- 
practicable) or by using some artiiice to increase the exposure to light accidents 
during a relatively short period of observation. 

6. Joint distribution of the number of IQht aocidents and of the number of sur- 
vived severe accidents. As mentioned in the introduction, even if the fundamental 
hypothesis assumed in this paper is strictly satisfied with regard to a category of 
light accidents and a category of severe accidents, if these latter accidents are really 
severe, then their number incurred during a bed period of time will not follow the 
negative binomial distribution. The -on that from time to time a severe acci- 
dent, occurring at the early part of the period of observation, will prove fatal to the 
individual concerned. As a result, there will be no exposure of this individual to 
paasible further severe accidents during the same period of observation. Thus, if 
and when statistics relating to light and to severe accidents sustained by the same 
individual become available, then in order to be able to verify the fundamental * 

hypothesis and to estimate the corG&auta involved, a new m e  of distribution will 
be necessary. This must take into account the fact that each severe accident may 
lead to invalidim or to death for the individual concerned. The purpose of this 
section is to consider this distribution. Our basic assumption, supplementing the 
fundamental hypothesis, will be that each individual involved in a severe accident 
has the same probability 8 of surviving the accident and continuing the employment 
with all its hazards. The alternative to such survival will be either death or retire- 
ment from the particular’exiqdoyment. However, this distinction may be ignored 
and we shall speak of two possibilities only: survival (in good health) or d&th (the 
latter meaning either actual death or retirement). 

In connection with the change in the problem, we shall need new notation. The 
letter Y wil l  be used, as formerly, to denote the number of light accidents hcurred 
by an individual during a period of observation. On the other h d ,  the letter X will 
be used to denote the number of severe accidents thut thia indivtiiual toill suroive, 
incurred by the individual during the =e or a d8erent period of observation. 
Thus, if an individual incurs three severe accidenta and dies at the third, then for 
thia individual X 3: 2. In order to distinguish between deaths and survivals we 
shall need a third random variable 2. This variable will be defined to be equal to 
zero if the particular individual survives all the period of observation, and unity 
if the individual does not. 

The statistics of light and sevem accidenta may be divided into two categories. 
First we poetulate the availability of the numbers of light and of severe accidents 
for th- individuals who Burvived the entire perid of observation of severe acci- 
dents. The figures obtainable from these statistics will be the empirid counterpart 
of the theomtigal probabilities P [ (X = k) (Y = m) 12 - 0 1. The second part of the 
statistics contemplated wouId.refer to individuals who died as a result of a severe 
accident during the period of observation. The figures obtainable from such statistics 
would correspond to probabilities P( (X = k) (Y = m) I2 = 1). The formulae for 
the probability generating functiom for these relative probabilities arise as limiting 
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